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ABSTRACT 
Mirsky (1963) raised the question of characterizing no,, the convex hull of the 
nonidentity permutation matrices of order n, by a set of linear constraints. Cruse 
(1979) solved Mirsky’s problem by presenting an implicit description of those con- 
straints. We associate an eulerian digraph with each doubly stochastic matrix, and then 
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restate Cruse’s characterization of the polytope flf in terms of dicycle covers of these 
digraphs. Brualdi and Hwang (1992) h ave shown, by using Cruse’s characterization 
and a result of Dridi (1980), an explicit set of linear inequalities that characterize a: 
for n Q 6. By using our characterization of @, we show that their result is valid if 
and only if n Q 6. We show as well that if D is an eulerian digraph on n Q 6 nodes, 
then there is always a minimum dicycle cover which is integral. We apply this last 
result and a result of Seymour (1994) to derive a min-max relation for eulerian 
digraphs on n Q 6 nodes. 
1. INTRODUCTION AND NOTATION 
A nonnegative matrix of order n is doubly stochastic if the sum of every 
row or column equals 1. A (0,l) matrix of order n is called a permutation 
matrix if there is exactly a single 1 in each row and in each column. Let R, 
be the convex hull of all doubly stochastic matrices of order n. By Birkhoffs 
theorem [l], the extreme points of R, are exactly the n! permutation 
matrices of order n. Mirsky [lo] raised the question of characterizing a:, the 
convex hull of the nonidentity permutation matrices of order n, by a set of 
linear constraints. Cruse [6] solved Mirsky’s problem by presenting an implicit 
description of those constraints. A shorter proof of Cruse’s theorem is 
given by Brualdi and Hwang [4]. Cruse also pointed out that the problem 
of determining whether a given matrix belongs to flO, can be answered 
by solving a linear programming problem with a polynomial number of 
constraints. 
Let D = (V, A) be a simple digraph on n nodes consisting of a node set 
V and an arc set A. Let w: A + R, be a nonnegative weight function, 
where R, is the set of nonnegative real numbers. The pair (D, w) is referred 
to as a weighted digraph. An arc with end nodes u and u, leaving u and 
entering v, is denoted by ( u, 0). For any u E V, the sum of the weights of all 
arcs leaving [enteringI t.~ is denoted by d:(u) [d;(u)]. If d:(u) = d;(u) for 
every u E V, then (D, w) is termed an eulerian weighted digraph. Some- 
times we use the term eulerian digraph when we actually mean eulerian 
weighted digraph. A set of arcs C = {(vi, u,), (v,, ~a>, . . . , (u~_~, ukXuk, u,)} 
with ci z vj for i z j is called a dicycle. 
A transitive tournament on V is a simple digraph T = (V, A) with no 
dicycles, containing for any two nodes u # v E V either the arc (u, u) or the 
arc (v, u) but not both. If T is a transitive tournament on V, then the 
transitive tournament matrix of T, abbreviated TT matrix, is a (0, 1) matrix 
MT = (m,) with mij = 1 if (i,j) E A and mij = 0 if (i,j) C A. It can be 
easily verified that a (0, 1) matrix M = (mij) is a IT matrix of some T if and 
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only if the following holds: 
m,, = 0 for all i E {l,...,n}, 
mij + mj, = 1 for all i #j E {l,...,n}, (1) 
mij + mjk + mk, > 1 for all i #j zk E {l,...,n}. 
A generalized transitive tournament matrix, abbreviated GTI matrix, of 
order n is a nonnegative matrix M = (mij) that satisfies the linear system in 
(1). The convex hull of all GTT matrices of order n forms the generalized 
transitive tournament polytope. Following Grotchel, Jiinger, and Reinelt [XI, 
we denote this polytope by PC”. 
We assume that the reader is familiar with the basic definitions and facts 
of graph theory (e.g. [5]). Below we introduce some terminology that we are 
going to use in our exposition. 
Let %’ be the set of all dicycles in D. A dicycle cover (integral dicycle 
couer) of (D, w) is a function f: A -+ R, (f: A - Z,, where 2, is the set 
of all nonnegative integers) such that for each C E E”, C{f(a): a E C] 2 1. A 
minimum dicycle cover [minimum integral dicycle cover] of (D, w) is one 
with the smallest value among all dicycle covers [integral dicycle covers], and 
its value C{fC a w a ) ( ) : a E A} is denoted by T*(D, w) [T(D, w)]. A dicycle 
packing (integral dicycle packing) of (D, w) is a function A: 2? -+ R, 
(A: A --+ 2,) such that for each a E A, C{A(C): a E C, C E E’] < w(a). A 
maximum dicycle packing [maximum integral dicycle packing] is one with the 
largest value among all dicycle packings [integral dicycle packings], and its 
value C{A(C): C E %?} is denoted by v*(D, w) [u(D, w)]. If w e 1, then 
r*( D, w), T( D, w), v*( D, w), V( D, w) are denoted by r*(D), -r(D), Y*(D), 
v(D), respectively. 
Herein we associate a weighted digraph with each doubly stochastic 
matrix and then restate Cruse’s characterization of the polytope RH in terms 
of dicycle covers of these digraphs. We do so by using a theorem of Nutov 
and Penn [ll]. Brualdi and Hwang [4] have used Cruse’s characterization and 
a result of Dridi [7] to show an explicit set of linear inequalities that 
characterize flz for n < 6. Using our characterization of O!, we show in this 
note that their result is valid if and only if n < 6. 
Dridi [7] showed that T*( D, w) = T( D, w) for any digraph on n < 5 
nodes. However, for n > 5 there are weighted digraphs for which 
T*(D, w) < ~(0, w); e.g. [B]. Lucchesi and Younger [9] showed that 
r( D, w) = V( D, w) for integral weighted planar digraphs. Barahona, Fonlupt, 
and Mahjoub [3] h ave used Dridi’s result together with Lucchesi and 
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Younger’s theorem to show that ~(0, W) = v(D, W) for integral weighted 
digraphs on n < 5 nodes. Using Brualdi and Hwang’s result and our charac- 
terization of fiO,, we show that r*( D, W) = T( D, W> for any eulerian integral 
weighted digraph on n nodes if and only if n < 6. Seymour [13] has shown 
that r(O,w) = ~(D,w) provided (D, W> belongs to a certain family of 
eulerian digraphs. Using Seymour’s result and the fact that r*(D, W> = 
r( D, w> for eulerian integral weighted digraphs on n < 6 nodes, we show by 
using similar techniques to the ones used in [3] that r( D, w) = v( D, WI for 
such digraphs. 
2. DICYCLE COVERS AND DOUBLY STOCHASTIC MATRICES 
The following theorem gives a necessary and sufficient condition for a 
doubly stochastic matrix of order n to be in no,: 
THEOREM 2.1 [6]. A doubly stochastic matrix B of order n belongs to Cl: 
if and only if 
B 0 M = c bijrnij > 1 
i,j 
for all M E PC. (2) 
Note that, as was mentioned in [4], if one could characterize the extreme 
points of PC”, then sl: would have been characterized by an explicit set of 
linear inequalities. Unfortunately, only a partial list of the extreme points of 
PC is known. Moreover, the number of such points is exponential in n, since 
ail n! ‘IT matrices of order n are extreme points of PC”. It was shown by Dridi 
[7] that the ‘IT matrices are exactly the extreme points of PC” if and only if 
n < 5. A partial characterization of the extreme points of PC” was given by 
Brualdi and Hwang [4]. A complete characterization of the half-integral 
extreme points of PC” was given by Borobia [2]. In [12] it was shown that PC” 
has extreme points which are not half-integral. 
Now, although fiz is not characterized by an explicit set of linear 
inequalities, it is mentioned in [6] that (2) holds if and only if the following 
holds: 
min{ B 0 M: M E PC”} > 1, (3) 
and hence one can solve the separation problem over flO, by solving the 
linear programming problem in (3). Recall that P$’ is defined by a polynomial 
number of constraints. Thus, by using the ellipsoid method we deduce the 
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following corollary. 
COROLLARY 2.2. Linear programming problems ooer fl! can be sol~tl 
in polynomial time. 
With any nonnegative matrix B of order n we associate a weighted 
digraph (DB,mB) on n nodes as follows: DB = (V, AB) with AB = 
{(i, j): bij > 0, i #j}, and wB(i, j) = bij for each (i, j) E A”. Let (D, W) be 
a weighted digraph on n nodes. We say that (D,, w,,) is its corresponding 
weighted complete digraph if D, is a complete digraph and if w,(i, j) = 
w(i,j> for (i, j) E A and w,(i, j> = 0 otherwise. The following theorem was 
shown in [ll]. 
THEOREM 2.3 [ll]. Let (D, w> b e a weighted digraph and CD,,, w,,) its 
corresponding weighted complete digraph. Then 
T*( D,w) = min c w,,(i, j)mij: M E PC” 
i.j 
and 
~(D,w) =min ~w,(i,j)mij:MisaTTmatrixofordern . 
i,j I 
Based on (3), the definition of the digraph (DE, w “I, and the above 
theorem, we restate Theorem 2.1 in terms of dicycle covers as follows: 
COROLLARY 2.4. A doubly stochastic matrix B belongs to LnE if and ody 
if T*( DB, wB) > 1. 
It follows from Cruse’s [6] and Dridi’s [7] results that if B is a doubly 
stochastic matrix of order n with n < 5, then B is a convex combination of 
nonidentity permutation matrices of order n if and only if B 0 M > 1 for 
each TT matrix of order n. Brualdi and Hwang [4] extended this result for 
n = 6. We now show that this result is valid for any doubly stochastic matrix 
of order n if and only if n < 6. The following lemma is a direct consequence 
of Theorem 2.3. 
LEMMA 2.5. Let B be a doubly stochastic matrix of order n and 
( DB, w B, its associated weighted digraph. Then r( DE, w ‘1 > 1 if and only if 
B 0 M > 1 for each TT matrix. 
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LEMMA 2.6. Let (D, w) be an eulerian weighted digraph. Then 
Az=max{dt(o):u EV} < T*(D,w). 
Pt-oaf. Let A be a maximum dicycle packing in (D, w). Define the 
weight function w ’ in the following way: w’(a) = w(a) - CIA(C): a E C, 
C E F} for all a E A. One can easily verify that (D, w ‘> is eulerian as well. 
Now, if w’(a) > 0 for some a E A, then since (D, w ‘) is eulerian, there is a 
dicycle C ’ in D such that min{w ‘( a): a E C ‘) > 0, contradicting the maxi- 
mality of A. Hence, w’(a) = 0 for all a E A, which implies Ah;t. < v*( D, w). 
Observe that by the strong linear programming duality theorem v*( D, w> = 
T*( D, w), and the proof is complete. ??
Let (D, w) be an eulerian weighted digraph on n nodes. Define the 
modified weight function I_Z to be 6 z w/7( D, w). Observe that r( D, 6) = 
1 and T*( D, G) = T*( D, w)/T( D, w) Q 1. We denote by B(b,‘) = (bij) the 
matrix of order n with b,, = G(i,j> if (i,j) E A, b,, = 1 - di(i!, and 
bij = 0 otherwise. Lemma 2.6 implies that Ai < 1, and hence B(nxW) is a 
doubly stochastic matrix. Applying Corollary 2.4 and Lemma 2.5, we obtain: 
PROPOSITION 2.7. Let (D, w) be an eulerian weighted digraph on n 
nodes. Then BcD, ‘) is a doubly stochastic matrix of order n such that 
BcD.“) o M > 1 f or each TT matrix M of order n. Moreover, BcD,‘) E flz if 
and only if T*( D, w) = T( D, w). 
We need the following theorem. 
THEOREM 2.8 [4]. Let B be a doubly stochastic matrix of order n, with 
n < 6. Then B E flf if and only if B 0 M > 1 for every TT matrix M of 
order 12. 
Using Proposition 2.7 and Theorem 2.8, we obtain: 
COROLLARY 2.9. Let ( D, w) be an eulerian weighted digraph on n < 6 
nodes. Then r*(D, w> = ~(0, w). 
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The following example shows that Corollary 2.9 and Theorem 2.8 are not 
extendable for n > 6. 
EXAMPLE 1. Consider the digraph in Figure l(b) with w = 1 and with 
dz(ti)=d,(v) for all UEV. Let C,=(1,5,2,6,1), C,=(2,4,3,5,2), 
C, = (1,4,3,6, l), C, = (1,5,7, l), C, = (1,4,7, l), C, = (2,6,7,2), C; = 
(2,4,7,2), C, = (3,6,7,3), and C, = (3,5, 7,3) be a set of nine dicycles. 
Define h: &IS’ -+ R,, h(C,) = i for i = 1, . . . ,9, and A(C) = 0 otherwise. 
One can easily verify that A is a dicycle packing of value 4.5. A dicycle cover 
of the same value can be obtained by assigning a value i to the set of arcs 
(6, l), (5,2>, and (4,3) and a value 1 to (7, l), (7,2), and (7,3). Thus by the 
strong linear programming duality theorem, the above dicycle packing and 
dicycle cover are optimal. 
Note that the set of arcs (6, l), (5,2), (7, l), (7,2), and (7,3) forms an 
integral dicycle cover of value 5. Hence, this digraph satisfies T*(D, w) = 
4.5 < 5 = ~(0, w). Therefore, by Proposition 2.7, as demonstrated in Figure 
l(a), the matrix B(oza) is a doubly stochastic matrix of order 7 that satisfies 
BcD,“) 0 M > 1 for each ‘IT matrix M, but is not a convex combination of 
nonidentity permutation matrices. 
Observe that the doubly stochastic matrix B(Dx”) = (W(i, j)) in Figure 1 
can be extended to a doubly stochastic matrix B of order n, for any n > 7, 
such that B 0 M > 1 for each ‘IT matrix M, but B is not in Lnf. This is 
simply seen by considering the doubly stochastic matrix B = (bij) of order n 
with h,, = 2L;(i, j) for i, j < 7, hi, = 1 for i = 8, . . . , n, and b,, = 0 other- 
wise. Thus, we have shown the existence of doubly stochastic matrices of 
order n, for any n > 7, for which the fact that B 0 M > 1 for each TT matrix 
M does not imply that B E 0:. 
/l 2 3 4 5 6 7 
I 3/5 0 0 l/S l/5 0 0 
FIG. 1. An eulerian digraph on seven 
associated matrix BcD,‘). 
w), and its 
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Theorem 2.8 and Example 1 suggest the following theorem. 
THEOREM 2.10. The two conditions 
(ii) B 0 M B 1 for every TT matrix M of order n 
are equivalent for any doubly stochastic matrix B of order n, if and only if 
n < 6. 
3. INTEGRAL PACKING IN EULERIAN DIGRAPHS 
In this section we prove that T( D, w) = V( D, w) for any eulerian integral 
weighted digraph (D, w> on n < 6 nodes. We need several definitions. The 
definition of the Petersen family is taken from 1131. 
We say that H is a minor of G if H can be obtained from a subgraph of 
G by contracting edges. The Petersen family of graphs is the family of seven 
graphs that can be obtained from K, by A-Y and Y-A exchanges; see 
Figure 2. 
Observe that the digraph in Figure I(b) is also an example of an eulerian 
digraph for which 4 D, w) > V( D, w), and that its underlying undirected 
graph belongs to the Petersen family. As was pointed out by P. Seymour, this 
suggests the following theorem. 
FIG. 2. The Petersen family. 
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THEOREM 3.1 [13]. Let (D, w) be an eulerian integral weighted digraph 
whose underlying undirected graph has no minor in the Petersen family. Then 
v(D, w) = T( D, w). 
Based on Corollary 2.9 and Theorem 3.1, we prove the following theorem. 
THEOREM 3.2. Let (D, w) be an eulerian weighted digraph on n no&s. 
Then ~(0, w) = v(D, w) f or any nonnegative integral weight function w, if 
and only if n < 6. 
Proof. Example 1 and the discussion following it demonstrates that for 
any n > 6 there is an eulerian integral weighted digraph (D, w) for which 
~(0, w) > V( D, w). Theorem 3.1 suggests that T( D, w) = V( D, ZL.) for any 
eulerian integral weighted digraph on n < 5 nodes. Thus, it remains to show 
the correctness of the theorem for n = 6. For simplicity of exposition we 
prove it for unweighted, not necessarily simple digraphs. However, by 
elementary constructions the proof can be generalized for any integral 
nonnegative weight function. 
Corollary 2.9 states that the equality T(D) = T*(D) holds for any 
eulerian digraph D = (V, A) on six nodes. We prove that T(D) = v(D) for 
such digraphs by induction on 1 Al. Clearly, if 1 Al = 0 then T(D) = 
v(D) = 0. Assume, thus, that the statement of the theorem is valid for 
1 Al < k - 1, k 3 1; we prove its validity for 1 Al = k. If the underlying graph 
of D does not contain K,, then by Theorem 3.1 T(D) = V( 0). Therefore, 
assume that for any u + v E V there is an arc a E A with end nodes u and 
0). Let Y be the set of inequalities that are tight for every optimal solution of 
T*( 0) = min lx 
s.t. X(C) > 1 for every dicycle C in D, 
x > 0. 
Now, if Y consists just of inequalities of the form 
x(a) 2 0, 
(4) 
then the complementary slackne:s conditions imply that v*(D) = 0 and 
hence T(D) = v(D) = 0. So let C be a dicycle of minimum length such that 
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the inequality 
C{x(u):u E c^} 2 1 
is in 9. Delete c^ from D to obtain the digraph fi = (V, A). Let i* be a 
maximum dicycle picking, and let x^ be a minimum integral dicycle cover of 
D. pbserveA that D is eulerian, and hence by the induction hypothesis 
r(D) = v(D). Consider the following cases: 
lc”] = 2: In this case it can be easily shown that ,r( 6) = r(D) - 1 and 
v(D) = v(D) - 1, which together with r(D) = v(D) implies that r(D) = 
v(D). 
161 = 3: We claim that in this case v*(fi) = v*(D) - 1. If v*(fi) > 
v*(D) - 1, then the packing 
Y(C) = 
i 
G*(c), c # c^, 
1, c = CA, 
is a feasible one and of value greater than v*( D!. Thus, v*( 6) Q v*(D) - 1. 
Observe cow that since both r*(D) and T*(D) a:e integral, so are v*(D) 
and v*(D). It remains to be shown that v*(D) > v*(D) - 2. Assume 
v*(8) Q v*(D) - 2, and let 6 = (vi, Q, 03, u,) with (a,,~,, ua) iJs c?rre- 
sponding set of arcs. Let F^ = (a E A: ?(a) = l]. Since D = (V, A \ F) is 
acyclic, it cannot simultaneously contain a [ ol, v,]-dipath, a [ vg, v2 l&path, 
and a [v,, vi]-dipath, where a [vi, vj]-dipath is a directed path from vi to vj. 
Assume without loss of generality that fi does not contain any [vi, vsl-dipath. 
Now, one can easily verily that 
q+ a e e, 
x(u) = 1, a = a, or a = a2, 
0 otherwise 
is a dicycle cover of D of value r(h) + 2 = v*( fi> + 2, and hence optimal. 
But contrary to oucassumption, the inequality in consideration is not tight for 
x. Therefore, v*(D) = v*( D)A- 1. SinTe clearly v(D) < v(D) - 1, and by 
the induction hypothesis v*(D) = v(D) we have v*(D) Q v(D). This im- 
plies _that v*(D) = v(D), which in turn implies that T(D) = v(D). 
ICI > 3: Note that for any u # v E V there is an arc a E A with_ end 
nodes u and v. This implies that there is a dicycle d of length < (Cl for 
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which the inequality 
~{x(a):. E 6) 2 1 
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